ANALYSIS OF MOJETTE TRANSFORM PROJECTIONS FOR AN EFFICIENT CODING.

Pierre Verbert, VincentRicordel and Jeanpiere Guédon

Image& VideoCommunication§eam,|RCCyN UMR CNRS6597
Ecolepolytechniquede'Uni versig deNantes
La ChantrerieBP 50609,44306NANTES CEDEX 3
{pierre.\erbert,vincent.ricordeljean-pierre.guedgr@polytech.uni-nantes.fr

ABSTRACT

We investigateheanalysisof Mojettetransformprojec-
tionsin animagecodingcontet. A stratey for choosing
projectionselementgdenotedasbins) is introducedin or-
der to obtaincompactbin-streams.In a first part the Mo-
jette transformis presentedvith its direct andinverseal-
gorithms. In a secondpart thesebasisalgorithmsare up-
graded,to selectthe useful bins for imagereconstruction,
andto getwell-definedstreamdor projectioncoding. The
rulesfor this selectionare detailed. Resultsof real world
imagecodingwill bepresented.

1. INTRODUCTION

The Mojettetransformhasalreadybeenusedin the context
of transmissiorandstorageof multimediacontents Briefly
speaking this transformis basedon the projectionof dig-
ital dataon redundantdiscretehyperplanes. This allows
formultiple description[1][2], joint source-channetoding
techniquesindstorageareanetwork. Our studyaimsat op-
timizing the streamsgssuedrom the Mojette transformof a
digital image. The proposedschemds a controltool, pre-
sentingsomedecisionruleson the elementof the projec-
tions (denotedas bins). The purposeof theserulesis to
limit the amountof datato be transmitted,andto find the
bestlayoutof thebinsinsidethe projections:compactins-
streamsare expectedsuchas the statisticaldistribution of
the remainingbins permitsan efficient entropiccoding of
theirvalues.

2. THE MOJETTE TRANSFORM

2.1. Principles of the Mojette transform

The Mojette transformhasbeendescribecandusedfor the
lasttenyears[3][4]. It correspondso a linear discreteex-
act Radontransform[5], i.e. a setof I discreteprojec-
tionsdescribingthediscreteimage f. Projectionanglesare
chosenamongdiscretedirectionst; = atan(q;/p;) where
i € I andsuchasp; andgq; areintegersprime together

(GCD(p;,q;) = 1). Thus,the equationdefiningthetrans-
form is givenin 2D (seealsofig. 4) by:

with

Mif (k1) =D f(k,DA(M —pik +a:d),  (2)
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whereA(m) is thediscreteKroneclerfunction. Thetrans-
form is thuslinear bothin the numberof projectionsl and
in the numberof pixels denotedby N. The numberof
binsontoa projectionof direction(p;, ¢;) dependsiponthe
shapeof the support. A major differencewith the Radon
transformis that the bins spacingonto the projectionde-
pendsontheprojectionsdirections;.e. is differentfor each
(pi, ¢;) pairvalue. The samplingstepon thei-th projection

is h; = ———. Theconsequencef this specificsampling

is that the numberof bins onto the projectiondependsof
the (p;, ¢;) valuesandon the shapeof theregion to be pro-
jected.In thecaseof arectangula® x () shapethenumber
of binsof thei-th projectionis givenby:

#bins; = (P = 1).|gi[ + (@ = 1)-[pi| + 1, (3)

Thetotal numberof binsis then:

I

#bins = Z #bins;, (4)

i=1

This linear transformgenerates redundang usuallycom-
putedwith thefollowing index: red = % - 1.

In the previous rectangulashapecase,a condition for
allowing the reconstructiorof the imageis the Katz crite-

rion [6], for which theimagecanbereconstructedf:

DpxP o} >0, ()



2.2. Algorithms for direct and inverse Mojette trans-
form

The direct and inversetransformalgorithmsare now pre-
sented.They bothhave acomplexity orderof O(IN).
DIRECT ALGORITHM

Algorithme 1 Algorithm for directMojette transform

for index_projection [i] + 1 I do
for index_pizel [I.P + k] + 1 N do

b+ p;.l —q;.k
bin(p;, ¢;, b) + +image(k,1) (%)
endfor
endfor

INVERSE ALGORITHM

Theinversetransformatiorcanbeimplementedvith an
algorithmthathasthesamecomplexity thanthedirecttrans-
form,i.e. O(IN) with only (integeror modulo,see?.4) ad-
ditions/ subtraction®peratorsnsteadof finding aninverse
matrix formulation.

Algorithme 2 Algorithm for theinverseMojettetransform
Require: image + -1 //Resef theimagemap
for index pizel [I.P + k] + 1 N do
(n,b) «+ Stepl
(k,1) + Step2 (n, b)
image(k,1) < bin(p;, ¢, b)
Step3
endfor

Step 1: List of one-to-onecorrespondencedsetweenbins
andpixels. b andn representespectiely the bin index and
the pixel index, andthe (b, n) pair symbolisesheir corre-
spondencén thelist.

Step2: Linking informationbetweerbinsandpixelsallows
to easilyretrieve pixel coordinates.

Step3: Updatingthebinsvalueson projectiongsubtracting
thepixel valuefrom the matchingbins on eachprojection).

Consideringa N pixels shapeand| projectionsthe or-
derof compleity of thedirectalgorithmis quite obviously
O(IN) asshown above. Lessobviously, the orderof com-
plexity of theinversealgorithmis alsoO (I N). Toreachthis
low complexity, threedifferentkindsof informationmustbe
used: the setof projectionscontainingthe bins, the sizeof
theimage,an arraymanaginga relationshipbetweenpixel
coordinategk,!) andbin indexes (b). This directly gives
for a bin the positionof the matchingpixel in orderto back
projectit ontotheimage.

The comparisorbetweerthe Mojette algorithmandthe
FFT (samecompleity order)showvsthatonly additionsand
substractionsire computedn the first case.Moreover, the

reconstructiordoesnot needthe informationto be sorted
or orderedin the Mojette case;i.e. ary one-to-onecorre-
spondenceanbe usedat ary time without modifying the
compleity of thealgorithm.

Theinversealgorithmis iterative: at eachloop, theim-
ageis progressiely reconstructedy using an one-to-one
bin (a bin in one-to-onecorrespondencwith a pixel). If
severalone-to-onéinsarecandidatesa choiceis randomly
made.In this studywe aim at updatingthe classicalnverse
Mojette transformfor anefficient codingschemeby prior-
itizing this one-to-onecorrespondencehoice.

2.3. Mojette transform and correlation

Let C; bethe 2D autocorrelatiorof theimage f, andC oy, ¢
be the 1D autocorrelatiorof the Mojette projection M;; f
(seeeq.2).It canbeshavnthat[7]: Caq, s (b) = MiCs(k,1).

This result highlights the fact that the correlationbe-
tweenimagepixelsremainsbetweerconsecutre binsonto
the projection. This resultwill be exploitedfor binsvalues
codingpurposes.

2.4. Classof Mojette transform

Mojettetransformcanbeconsideredsaclassof transform.
Variousversionsof this transformcanbe stateddepending
on variationsof the algorithm or on the modelsof pixels
used(seefig. 5). For instancein the projectionalgorithm,
classicaldditions(seealgo. 1(x)) canbereplacedy mod-

ulo additionssothatbinsvaluescanstill be codedwith the

samenumberof bits. If binaryis consideredmappingof a

binary streamonto animage),additionscanbereplacedy

XOR operationsdetweenbit pixel valueson the projection
line.

3. SELECTION OF PROJECTIONS

Thefirst stepfor thereductionof amountof datato transmit
is the selectionof a setof projections,so that the overall
numberof binsis minimal.

To minimizethe numberof binswe proceedasfollows,
¢; valuesarefixedto 1, so equations3 and4 become:If
S>L, Ipi| = P, theKatz criterion (seeequation5) is satis-
fied andthenumberof binsis limited. Finally, thep; values
arechoosersuchas|p;| = | £ | + € wheree is anincrement,
e = {0,1,2,---}. Thesetof projectiondirectionswill be
thefollowing:

sr={00.(Z +en. T 46 ®

/6={0,1,---,L§J—1}}



As a consequencef this specificchoiceof the direc-
tions (p;, ¢;), the projectionanglesarecloseto eachothers
andtheresultingprojectionsarestronglyinter-correlated.

4. SELECTION OF BINS

TheMojettetransformintroducesomeinter-projectionge-
dundang. The whole computedsetof projectionsis nec-
essaryto reconstructhe original image, neverthelessfter
imagereconstructiorsomenon-usecdinswill remain.Our
goalis to setsomerulesaiming at choosingpreciselythe
useful bins for the reconstruction.Globally speakingthe
purposes notto suppressheinter-projectionsredundany,
but to be ableto chooseprogressiely the bins so that the
projectionencodingis minimal.

Thebinsselectionis achievedby theencoder Justafter
the projectionscomputation,an upgradednverseMojette
transformis used. A new stepis addedin orderto select,
at eachloop of the pixelsreconstructiorprocessthe useful
bin amongthe setof candidatedins.

At theendof theprocessve wantto geta setof compact
projectionsis obtained,.e. for eachprojection,oneor two
usefulbins-streamsvithout holesandlocatedat projection
extremities. Sucha compactprojectionis well-configured
for thecodingbecauseonsecutie binsaremorecorrelated,
andbinspositionsdo not have to be supplied.

4.1. Metrics
4.1.1. Definitionsand metrics

Somecostfunctionshave to be settled.For agiveniteration
of thereconstructioralgorithm,we call (seefig. 1):
Candidate Bin (CB): one-to-onéin thatcandidategor re-
construction;

UsedBin (UB): usefulbin thathasalreadybeenchoserfor
reconstruction;

Non UsedBin (NUB): unusablebin for reconstructior(all
the pixel on its projectionline have alreadybeenrecon-
structed);

Gap: blankspacebetweer? bins(UB and/orNUB), or be-
tweenl bin (UB or NUB), andan extremity of the projec-
tion.

GAP

@ UB (Used Bin) D NUB (Non Used Bin) ?cB (Candidate Bin)

Figurel: Bins definitions.

Let's alsodefinethe differentmetrics,we use:
Distancebetweentwo bins: dist(Bini, Binz) = number
of possiblebinsbetweerthem+1;

Distance betweenone bin and a projection extremity:
dist(Bin, EXT REM) = numberof possiblebinsbetween
them+1.

4.1.2. Scoe computation

We detailnow thecomputatiorcostexecutedor eachchoice
amongthe CB set.
Primary distance: if the CB is inside a gap, then we
computedist(C B, B1), where B1 is the closestbin (UB
or NUB) or the closestextremity of the projection. If there
is no UB or NUB on the projection,we computedist(C B,
EXTREM1)whereEXTREM]1 istheclosesextremity
on the projection.Indeed,choosingthe CB minimizing the
primarydistanceaimsatfilling agapfrom its edges.
Gap score: we compute(a/dist(C B, B2)) whereB2 is
the bin (UB or NUB) on the otheredgeof the gapor the
other extremity of the projection(casewith no gap); and
wherea is the numberof binsontothe projection.
Thesecondlistanceof thecostaimsatfilling in priority the
smallesgap(becauseuickerto fill). Thehigherdist(CB,
B2), thebiggerthegap.

Finally, the selected”B minimizesthe globalscore:

score(CB) = primary distance(CB) — gap score(CB)
7

4.2. Refinements

In the previoussection rulesusedfor selectinghebestCB

were explained. Still somerefinementson theserulesare
necessaryn orderto improve the binstransmissiorandbe-

causesomeCB haveidenticalscores.

Tolerance to NUB: SomeNUB that split the bin-stream
into two partsarekeptin orderto completeit andto avoid

coding and sendingstart and stop positionsfor two bin-

streams.

Priority to the largestprojection: For higherp;, the pro-

jection lines countslesspixels. As a consequencehe re-

sultingprojectionsoffer moreCB. Nonethelessf mary CB

areselectedntothis projection,moreNUBs will appeaion

theotherprojections.

Pixels cluster: Clusteringof image pixels during recon-
structionis favored, so that the selectedCB remainclose
to eachother This allowsto promotelargerbin-streams.

5. EXPERIMENT AL RESULTS

Let f beal2 x 12 image.Suchanexamplegivesatypical
andeasilyunderstandingepresentatioof the processThe
selectedsetof projectionsis S = {(1 0), (1 1), (-1 1),



(2 1), (=2 1), (31), (=3 1)}, which gives#bins = 216
andred = 0.5. After selectionl44 bins have to betrans-
mitted (smallestamountof bins possible). Figure 2 gives
the layout of the projections.The colouredbins have to be
transmitted. We obsene that, exceptin the last projection
of the set, bins are groupedinto bins-streams.In the last
projection(—3, 1), the selectedbins are spaced.This pro-
jection always containsgapsbecauseandidatebins of the
shortprojectionsarefavoredin caseof ex aequoscores.In
practice thislastprojectionwill betransmittedvithin asin-
gle bin-stream.
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Figure2: Projectionsandselectedins.

Figure3 shavstheimageatdifferentstepsof therecon-
structionprocessWe clearly seethatfrom imagescorners,
apixelsclusteris growing, up to thecompletemagerecon-
struction.
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Figure3: Differentstepsof thereconstructioralgorithm.

6. CONCLUSION

In this paper aspecificimplementatiorof the Mojettetrans-
form was presentedor a coding schemeapplication. The
methodis basedn aniterative procesdor theimagerecon-
struction,associatedvith a bin selectionaccordingto cod-
ing criteria. A metric, with classificationof bins (CB, UB,
NUB), andsomerulesaimingatreducinggapsbetweerse-
lectedbins, have beenintroduced.An examplewasgiven,

representingheprojectiondayoutandthereconstructiorof
animage,in atypical case.
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Figure4: Exampleof projectionssetfor a4x4 image.
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